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First-Order Logic: Motivations
Propositional logic is very limited in its ability to describe the world:

A formula with N symbols (A1, A2, ..., AN) can describe at most 2N states of the 
world:

Such a formula can expression logical relationships, but only between propositions 
which are True or False:

Socrates is a man                          Socrates => Man
All men are mortal                        Man => Mortal
Socrates is mortal                          Socrates => Mortal

Note: This is not all bad, after all, computers operate by Boolean logic circuits, 
and the cornerstone of modern computer theory, the theory of NP-Completeness, 
is based on the Satisfiability Problem. 
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First-Order Logic: Motivations

Socrates is a man                          Socrates => Man
All men are mortal                        Man => Mortal
Socrates is mortal                          Socrates => Mortal

If we want to mention several different men, we would have to introduce
a separate proposition for each one:

Pericles => Man            Plato => Man         Herodotus => Man   ....

We can not speak of a collection of individuals and make assertions about them:

All living creatures are mortal
All women are living creatures.
Kamala is a woman
Liz is a woman
Liz and Kamala are mortal. 
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First-Order Logic:  Motivation
Most kinds of basic mathematical reasoning can not be done without referring to 
individuals in a collection, and making assertions about their properties and
relationships to other individuals. 

Example: 

This implicitly makes two kinds of reference to individuals:

For all integers a and b, if a and b are consecutive, then....

...  there exists a number k .....

k

a, b

I
ZAHLER

f

Z ALL INTEGERS



First-Order Logic:  Syntax
First-Order Logic adds the following features to the basic syntax of propositional 
logic:

• A Universe of Discourse of individuals we wish to describe;

• Functions, constants, and predicates (T/F assertions) on these individuals;

• Quantifiers expressing  "for all individuals" and "there exists an individual";

Two important classes of predicates are 

• Equality, which asserts that two individuals are the same;

• Relations, which assert some connection or relationship between individuals.  
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First-Order Logic:  Syntax
NESTED FUNCTION CALLS
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First-Order Logic:  Syntax
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First-Order Logic:  Syntax
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First-Order Logic:  Syntax
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First-Order Logic:  Syntax
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First-Order Logic:  Syntax
Examples of FOL formulae and what they express.                     (see p.41 of textbook) 
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First-Order Logic:  Syntax
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First-Order Logic:  Syntax
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First-Order Logic:  Semantics
In FOL, an interpretation maps the syntax to the semantics. 

DE

ABJECT INI
f x I

I E a ragtag

Pair e Zzz If

successor



First-Order Logic:  Semantics



First-Order Logic:  Semantics
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First-Order Logic:  Semantics

Z

IX F same substation of
U for X

RULES FOR EQUIVALENCE

x Fat FIFI
a

to
w

U

FETTAUB

Gan B
EYES Air vACH

UxFr Per r OA



First-Order Logic:  Semantics
Ux It a Pers n QA



First-Order Logic:  Semantics



First-Order Logic:  Semantics



First-Order Logic:  Semantics
Equivalence of formulae in FOL



First-Order Logic:  Semantics
Equality is a special case of a relation which is always given the 
natural interpretation, using the axioms:
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