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English FOL
Bob 1s hungry hungry(Bob)
Socrates 1s a man is-a(Socrates, Man)

Man i1s mortal mortal(Man)



First-Order Logic: Motivations

Propositional logic is very limited in its ability to describe the world:

A formula with N symbols (A, A,, ..., Ay) can describe at most 2N states of the

world:
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Such a formula can expression logical relationships, but onl #een propositions
which are True or False:
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Socrates is a man Socrates => Man
All men are mortal Man => Mortal

Socrates 1s mortal Socrates => Mortal Iﬂ? A

Note: This is not all bad, after all, computers operate by Boolean logic circuits, é‘)rs
— A
and the cornerstone of modern computer theory, the theory of NP-Completeness,

is based on the Satisfiability Problem. (%S» AT —~ N




First-Order Logic: Motivations

Socrates 1s a man Socrates => Man
All men are mortal Man => Mortal
Socrates 1s mortal Socrates => Mortal

If we want to mention several different men, we would have to introduce
a separate proposition for each one:

Pericles => Man Plato => Man Herodotus => Man
M  S—
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We can not speak of a collection of individuals and make assertions about them:

Liz Kamala Socrates

- | —

.. N v * Living

All living creatures are mortal Creature
@

All women are living creatures. \
Kamala is a woman \ (
17 1 Women
L%z 1S @ woman \ men.

Liz and Kamala are mortal. __—
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First-Order Logic: Motivation

Most kinds of basic mathematical reasoning can not be done without referring to
individuals in a collection, and making assertions about their properties and
relationships to other individuals.

Example:
Theorem 1. If a and b are consecutive integers, then the sum a + b is odd.
Proof. Assume that a and b are consecutive integers. Because a and b are
consecutive we know that b = a + 1. Thus, the sum a + b may be re-written as
2a + 1. Thus, there exists a number k such that a+b =2k +1so thesuma+b
is odd. . TTT—— O

This implicitly makes two kinds of reference to individuals: k Tl =g

k{ For all integers a and b, 1f a and b are consecutive, then....
e

?

a,b

... there exists a numberk .....
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First-Order Logic: Syntax

First-Order Logic adds the following features to the basic syntax of propositional

logic: e Qrob. SysBacs

e A Universe of Discourse of individuals we wish to describe;

—

—_

* Functions, constants, and predicates (T/F assertions) on these individuals;
~———7

* Quantifiers expressing "for all individuals" and "there exists an individual";
- g =
X — x
Two important classes of predicates are
* Equality, which asserts that two individuals are the same;

—
* Relations, which assert some connection or relationship between individuals.
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Definition 3.1 Let V be a set of variables, K a set of constants, and F a set of E % 5 (Q>> )(>
(
E(x)

function symbols. The sets V, K and F are pairwise disjoint. We define the set

ofecursively: _P N e
% + \/ e All variables and constants are (atomic) terms.
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First-Order Logic: Syntax
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Definition 3.2 Let P be a set of predicate symbols. Predicate logic formulas @A&A.‘CCA—?‘E.

First-Order Logic: Syntax

are built as follows: g‘/f'f g ol
e Ifr, ..., t,are terms and p an n-place predicate symbol, then p(ty, ..., ;)
G is an (atomic) formula S %
e If A and B are formulas, then —A, (A), AAB,AV B,A = B, A< B are 1
E SO fOTTutas:
Ifx is a variable and A a formula, then Vx A and dx A are also formulas. P
iversal quantifier and d the existential quantifier. AO ()0 ST Docup C
11, o b)) and Splly, s ;) are SVM ML

Preveaarc s TRUA oo RALSE A fc
Unary ?{lb\(lfték‘r@- &~ CrT - )

Momamey Pheseome o bimal
< -~ Ao 0

—_—— — J




Peoe Lacrc ‘F@(/
‘¥/

(= fRentoee )
hsromse Carva

L,«;TB“"‘/S

— Qv edal €

First-Order Logic: Syntax [ CymbarL$ [ Awmrc o
1

bd::r&/%(,q




() [X— 3] ‘
First-Order Logic: Syntax

e |Formulas in which every variable is in the scope of a quantifier are called
first-order sentences or closed formulas. Variables which are not in the
scope of a quantifier are called free variables.

e Definitions 2.8 (CNF) and 2.10 (Horn clauses) hold for formulas of
predicate logic literals analogously.
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First-Order Logic: Syntax

Examples of FOL formulae and what they express. (see p.41 of textbook)
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First-Order Logic: Syntax
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First-Order Logic: Syntax

Theorem 1. If a and b are consecutive integers, then the sum a + b is odd.
Jaanab ar

Proof. Assume that a and b are consecutive integers. Because a and b are
consecutive we know that b = a + 1. Thus, the sum a + b may be re-written as
2a + 1. Thus, there exists a number k such that a+b =2k +1so thesuma+b

is odd. =
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First-Order Logic: Semantics

In FOL, an interpretation maps the syntax to the semantics.

Definition 3.3 An interpretation I is defined as

e A mapping from the set of constants and variables KUV to a set W of
names of objects in the world.

e A mapping from the set of function symbols to the set of functions in the
world. Every n-place function symbol is assigned an n-place function.

e A mapping from the set of predicate symbols to the set of relations in the
world. Every n-place predicate symbol is assigned an n-place relation.
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First-Order Logic: Semantics



First-Order Logic: Semantics
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Definition 3.4

e An atomic formula p(t,..., t, ) is true (or valid) under the interpretation I
if, after interpretation-and evaruation of all terms 1, ..., 1, and interpre-
tation of the predicate p through the n-place relation r, it holds that

(I(t), - .., 1(2,)) € r. ‘3 @

e The truth of quantifierless formulas follows from the truth of atomic
formulas—as in propositional calculus—through the semantics of the
logical operators defined in Table 2.1 on page 25.

(A formula Vx F is true under the interpretation I exactly when it is true

given an arbitrary change of the interpretation for the variable x (and only

for x)

¢ | A formula dx F is true under the interpretation I exactly when there is an

interpretation for x which makes the formula true.

The definitions of semantic equivalence of formulas, for the concepts satis-

fiable, true, unsatisfiable, and model, along with semantic entailment (Defi-

nitions 2.4, 2.5, 2.6) carry over unchanged from propositional calculus to
predicate logic.
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First-Order Logic: Semantics

Karen A. Franz A.

>

Anne A. Oscar A. Mary B. Oscar B.

i N

Henry A. Eve A. Isabelle A. Clyde B.

KB = female(karen) N female(anne) N female(mary)
A female(eve) N female(isabelle)
A child(oscar, karen, franz) N child(mary, karen, franz)
A child(eve, anne, oscar) N child(henry, anne, oscar)
A child(isabelle, anne, oscar) N child(clyde, mary, oscarb)
A (Vx Yy Vzchild(x, y, z) = child(x, z, y))
A (Vx Vydescendant(x, y) < Jzchild(x, y, z)
V (Ju v child(x, u, v) A\ descendant(u, y))).



First-Order Logic: Semantics
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First-Order Logic: Semantics

Equivalence of formulae in FOL



First-Order Logic: Semantics

Equality 1s a special case of a relation which is always given the
natural interpretation, using the axioms:

Vx =% (reflexivity)
Vx Vy X=y=>y=x (symmetry) (3.1)
Vx Vy Vz X=YyAYy=2=>Xx=2Z (transitivity).

Vx Vyx =y = p(x) < p(y) (substitution axiom).

Vx Vyx =y = f(x) =f(y) (substitution axiom)
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First-Order Logic: Semantics



